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Unperformed experiments have no results.
Asher Peres

5.1 Introduction

More than a century after its birth, quantum mechanics (QM) remains mysterious.
We still donOt have general principles from which to derive its remarkable mathe-
matical framework, as happened for the amazing Lorentz transformations, which
were rederived by Einstein from the invariance of physical laws in inertial frames
and from the constancy of the speed of light.

Despite the utmost relevance of the problem of deriving QM from operational
principles, research efforts in this direction have been sporadic. The deepest of the
early attacks on the problem were the works of Birkhoff, von Neumann, Jordan,
and Wigner, attempting to derive QM from a set of axioms with as much physical
signibcance as possiblg, [2]. The general idea in Refl] is to regard QM as a
new kind of prepositional calculusa proposal that spawned the research line of
quantum logicwhich is based on von NeumannOs observation that the two-valued
observables D represented in his formulation of QM by orthogonal projection oper-
ators P constitute a kind of OlogicO of experimental propositions. After a hiatus
of two decades of neglect, interest in quantum logic was revived by Varadarajan
[3], and most notably by Mackeyl], who axiomatized QM within an operational
framework, with the single exception of an admittedtyhocpostulate, which rep-
resents the propositional calculus mathematically in the form of an orthomodular
lattice. The most signiPcant extension of MackeyOs work is the general representa-
tion theorem of Pirond].
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In the early work P], Jordan, von Neumann, and Wigner considered the possi-
bility of a commutative algebra of observables, with a product that needs only to
debne squares and sums of observables b the so-daitkth produciof observ-
ablesa andb: a! b:= (a+ b)?" a®" b? However, such a product is generally
non-associative and non-distributive with respect to the sum, and the quantum for-
malism follows only with additional axioms with no clear physical signibcance b
e.g., a distributivity axiom for the Jordan product. Sedgdlliter constructed an
(almost) fully operational framework (with no experimental dePnition of the sum
of observables) that allows generally non-distributive algebras of observables, but
with a resulting mathematical framework largely more general than QM. As aresult
of this line of investigation, the purely algebraic formulation of QM gained in pop-
ularity versus the original Hilbert-space axiomatization.

In the algebraic axiomatization of QM, a physical system is debned I6/its
algebra of observables (with identity), and the states of the system are identi-
Ped with normalized positive linear functionals over the algebra, corresponding
to the probability rules of measurements of observables. Indeed tadgebra
of observables is more general than QM, since it includes classical mechanics as
a special case, and generally describes any quantumbclassical hybrid, thus being
equivalent to QM with super-selection rules. Since in practice two observables are
not distinguishable if they always exhibit the same probability distributions, at the
operational level one can always take the set of statebsarvable-separating
in the sense that there are no different observables having the same probability dis-
tribution for all states. Conversely the set of observablesate-separatingi.e.,
there are no different states corresponding to the same probability distribution for
all observables. Notice that, in principle, there exist different observables with the
same expectation for all states, but higher moments will be différent.

The algebra of observables is generally considered to be more OoperationalO
than the usual Hilbert-space axiomatization; however, little more is gained than a
representation-independent mathematical framework. Indeed, the algebraic frame-
work is unable to provide operational rules for how to measure sums and products
of non-commuting observablésThe sum of two observables cannot be given an
operational meaning, since a procedure involving the measurements of the two
addenda would unavoidably assume that their respective measurements are jointly
executable on the same system b i.e., the observablesapatible The same

1 This is not the case when one considers aigirp observablegor which there always exists a state such that
the expectation of any function of the observable equals the function of the expectation. However, operationally
we cannot rely on such a concept to debne the general notion of an observable, since we cannot reasonably
assume its feasibility (actual measurements are non-sharp).

2 The spectrum of the sum is generally different from the sum of the spectra of the addenda, e.g., the spectra of
xpy andypx are bothR, whereas the angular-momentum compongit” ypx has a discrete spectrum. The
same is true for the product.
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reasoning holds for the product of two observables. A sum-observable debPned as
the one having expectation equal to the sum of expectations for all stdtiss |
clearly not unique, due to the existence of observables having the same expectation
for all states, but with different higher moments. The only well-dePned procedures
are those involving single observables, such as the measuremefmoften of

a single observablaevhich operationally consists in just taking the function of the
outcome.

The Jordan symmetric product has been regarded as a great advance in view of
an operational axiomatization, since, in addition to being Hermitian (observables
are Hermitian), itis dePned only in terms of squares and sums of observables b i.e.,
without products. The debnition at b, however, still relies on the notion of a sum
of observables, which has no operational meaning. Remarkably, Alfsen and Shultz
[8, 9] succeeded in deriving the Jordan product from solely geometrical properties
of the convex set of states b e.g., orientability and faces shaped as Euclidean balls b
however, again with no operational meaning. The problem with the Jordan product
Is that, in addition to not necessarily being associative, it is not even distributive,
as the reader can easily check. It turns out that, modulo a few topological assump-
tions, the Jordan algebras can be embedded in the alget§k) of operators over
the Hilbert spacéd, wherebya! b = ab+ ba. Such assumptions, however, are
still not operational. For a further critical overview of these earlier attempts at an
operational axiomatization of QM, the reader is also directed to the recent books
of Strocchi [7] and Thirring [L0].

After a long suspension of research on the axiomatic approach P notably inter-
rupted by the work of Ludwig and his schodl]] B in the last few years the new
Peld of quantum information has renewed interest in the problem of operational
axiomatization of QM, having been boosted by the new experience on multipartite
systems anéntanglementin his seminal paperlp] Hardy derived QM from pve
Oreasonable axioms,O which, more than being truly operational, are motivated on
the basis of simplicity and continuity criteria, with the assumption of a Pnite num-
ber of perfectly discriminable states. His axiom 4, however, is still purely mathe-
matical, and is directly related to the tensor-product rule for composite systems. In
another popular papefl ], Clifton, Bub, and Halvorson have shown how three
fundamental information-theoretic constraints B (a) the no-signaling constraint,
(b) the no-broadcasting constraint, and (c) the impossibility of unconditionally
secure bit commitment B sufbce to entail that the observables and state space of
a physical theory are quantum mechanical. Unfortunately, the authors started from
a C"-algebraic framework for observables, which, as already discussed, has lit-
tle operational basis, and already coincides with the quantumbclassical hybrid.
Therefore, more than deriving QM, their informational principles just force the
C' -algebra of observables to be non-Abelian.
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In Ref. [14]° | showed how it is possible to derive the formulation of QM in
terms of observables represented as Hermitian operators over Hilbert spaces with
the right dimensions for the tensor product, starting from a few operational axioms.
However, it is not clear yet whether such a framework is sufbcient to identify QM
(or the quantumbclassical hybrid) as the only probabilistic theory resulting from
axioms. Later, in Refs1[7B19], | showed how &' -algebraic framework for trans-
formations (not for observables!) naturally follows from an operational probabilis-
tic framework.

A very recent and promising direction for attacking the problem of QM axiom-
atization consists in positioning QM within the landscape of general probabilistic
theories, including theories with non-local correlations stronger than the quantum
ones, e.qg., for the PopescubRohrlich boxes (PR bo%ék)3uch theories have
correlations that are OstrongerO than the quantum ones D in the sense that the)
violate the quantum CirelOson boufid] [P although they are still non-signaling,
thus revealing the fortuitousness of the peaceful coexistence of QM and spe-
cial relativity, in contrast with the claimed implication of QM linearity from the
no-signaling conditionZ2]. Within the framework of the PR boxes general ver-
sions of the no-cloning and no-broadcasting theorems have been p&sjeth|
Ref. [24] it has been shown that certain features generally thought of as specif-
ically quantum are indeed present in all except classical theories. These include
the non-unique decomposition of a mixed state into pure states, disturbance on
measurement (related to the possibility of secure key distribution), and the no-
cloning constraint. More recently, necessary and sufbcient conditions have been
established for teleportatio29), i.e., for reconstructing the state of a system on
a remote identical system, using only local operations and joint states. In all these
works quantum information has inspired the consideration of task-oriented axioms
in a general operational framework that can incorporate QM, classical theory, and
other non-signaling probabilistic theories (for an illustration of this general point
of view see also RefZf]).

In this chapter | will consider the possibility of deriving QM as the mathemat-
ical representation of fir operational frameworki.e., a set of rules that allows
the experimenter to make predictions regarding futwentson the basis of suit-
abletests in a spirit close to LudwigOs axiomatizatidd][ Statesare simply the
compendia of probabilities for all possible outcomes of any test. | will consider a
very general class of probabilistic theories, and examine the consequences of two
postulates that need to be satisbed by any fair operational framework:

NSF:no signaling from the futuremplying that it is possible to make predictions based
on present tests;

3 Most of the results of Ref1] were originally conjectured in Refs1§] and [16].
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PFAITH: existence of preparationally faithful statésiplying the possibility of prepar-
ing any state and calibrating any test.

NSF is implicit in the very debnition of conditional probabilities for cascade
tests, entailing thagvents are identibPed with transformatipméienceevolution is
identiPed with conditioningAs we will see, such identibcations lead to the notion
of effectof Ludwig, i.e., the equivalence class of events occurring with the same
probability for all states. | will show how we can introduce operationally a linear-
space structure for effects. | will then show how all theories satisfying NSF admit
aC' -algebra representation of events as linear transformations of effects.

On the basis of a very general notion of dynamical independence, entailing the
debnition of amarginal state it is immediately seen that all these theories are
non-signaling which is the current way of saying that the theories satisfy the prin-
ciple of Einstein locality namely that there can be no detectable effect on a system
due to anything done to another non-interacting system. This is clearly another
requirement for a fair operational framework. Postulate PFAITH then implies the
local observability principle namely the possibility of achieving an information-
ally complete test using only local tests B another requirement for a fair opera-
tional framework. The same postulate also implies many other features that are
typically quantum, such as the tensor-product structure for the linear spaces of
states and effects, the isomorphism of cones of states and effects (a weaker version
of quantum self-duality), the so-called EPR cheating in bit commitment (which in
Ref. [13], we remind the reader, was itself used as a postulate to derive QM), and
many more. Dual to Postulate PFAITH an analogous postulate for effects would
give additional quantum features, such as teleportation. However, all possible con-
sequences of these postulates still need to be investigated, and it is not clear yet
whether one can derive QM from these principles only.

In order to provide a route for seeking new candidates for operational postulates
one can short-circuit the axiomatic framework to select QM using a mathematical
postulate dictated by what is really special about the quantum theory, namely that
not only transformations but alsgfects form a C-algebra(more precisely, this is
true for all hybrid quantumbclassical theories, i.e., those corresponding to QM plus
super-selection rules). However, whereas the sum of effects can be operationally
debned, their composition has no operational meaning, since the notion itself of
OeffectO abhors any kind of composition. | will then show that with another natural
postulate,

AE: atomicity of evolution,
together with the mathematical postulate

CJ: ChoibJamiolkowski isomorphisiai, 29,
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it is possible to identify effects with OatomicO everds elementary events that
cannot be rebPned as the union of events. Via the composition of atomic events we
can then debne the composition of effects, thus selecting the quantumbclassical
hybrid among all possible general probabilistic theories (including the PR boxes,
which indeed satisfy both NSF and PFAITH).

The CJ isomorphism looks natural in an operational context, and it is hoped that
it will be converted soon into an operational postulate.

The present operational axiomatization will adhere to the following three general
principles:

(1) (Strongly Copenhagen) Everything is debPned operationally, including all mathemat-
ical objects. Operationally indistinguishable entities are identibed.

(2) (Mathematical closure) Mathematical completion is taken for convenience.

(3) (Operational closure) Every operational option that is implicit in the formulation is
incorporated in the axiomatic framework.

An example of the application of the strongly-Copenhagen principle is the notion
of systemwhich here | will identify with a collection of tests b the tests that can

be performed over the system. A typical case of operational identibcation is that
of events occurring with the same probability and producing the same condition-
ing. Another case is the statement that the set of states is separating for effects and
vice versa. Examples of mathematical closure are the norm closure, the algebraic
closure, and the linear span. It is unquestionable that these are always idealizations
of operational limiting cases, or they are introduced just to simplify the mathe-
matical formulation (e.g., real numbers versus the OoperationalO rational numbers).
Operational completeness, on the other hand, does not affect the corresponding
mathematical representation, since every incorporated option is already implicit in
the formulation. This is the case, for example, for convex closure, closure under
coarse-graining, etc., which are already implicit in the probabilistic formulation.

5.2 C'-Algebra representation of probabilistic theories
5.2.1 Tests and states

A probabilistic operational framework is a collection efts* A, B, C, ... each
being a complete collectioA = {A;}, B = {B;}, C = {C}, ...of mutually

4 The present notion of test corresponds to thaéxgferiment of Ref. [14]. Quoted from that reference: OAn
experiment on an object system consists in making it interact with an apparatus, which will produce one of a
set of possible events, each one occurring with some probability. The probabilistic setting is dictated by the
need of experimenting with partial priori knowledge about the system (and the apparatus). In the logic of
performing experiments to predict results of forthcoming experiments in similar preparations, the information
gathered in an experiment will concern whatever kind of information is needed to make predictions, and this,
by debnition, is thestateof the object system at the beginning of the experiment. Such information is gained
from the knowledge of which transformation occurred, which is the Ooutcome® signaled by the apparatus.O
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exclusiveeventsA;, B j, C, . .. occurring probabilistically; events that are mutu-
ally exclusive are often calledutcomes The same event can occur in different
tests, with occurrence probability independent of the testiingleton testb also
called achannelBD = {D} is deterministic: it represents a non-test, i.e., a free
evolution. Theunion A UB of two events corresponds to the event in which either
A orB occurred, but it is unknown which one.rAbnementof an evenfA is a set
of events{A;} occurring in some test such that = U;Aj. The experimenA itself
can be regarded as the deterministic event corresponding to the complete union of
its outcomes, and when regarded as an event it will be denoted by the different
notationDa. The opposite event gk in A will be denoted a®\ := ! AA .6 The
union of events transforms a testinto a new tesA’, which is acoarse-graining
of A,e.g.. A ={A1, Az, Az} andA’ = {A1, A, UA3s}. Vice versa, we will calA
arebPnementof A’.

Thestate! describing the preparation of the system is the probability!rihe )
for any eventA ¢ A occurring in any possible te&t.” For each tesA we have
the completeness 5 2! (Aj) = 1. States themselves are considered as special
tests: thestate-preparations

5.2.2 Cascading, conditioning, and transformations

ThecascadeB o A of two testsA = {A;} andB = {B ;} is the new test with events
BoA ={BjoAi},whereB o A denotes theomposite eventA Ofollowed byO
B satisfying the following

Postulate NSF (No signaling from the future). The marginal probability

" g.g! (BjoA)ofany evenA is independent of te®, and is equal to the
J

probability with no tesB, namely

| BjoA)=f(B,A)=!(A), VB A,!. (5.1)
BjeB

5 Also A. RZnyi 9| calls our test Oexperiment.O More precisely, he debnes an expekimetihe pairA =

(X, A) made of thebasic spaceX D the collection of outcomes b and of thalgebra of eventé . Here, to
decrease the mathematical load of the framework, we conveniently identify the experiment with the basic space
only, and consider a differetit-algebra (e.g., a coarse-graining) as a new test made of new mutually exclusive
events. Indeed, since we are considering only discrete basic spaces, we can put basic spealgebrd in
one-to-one correspondence, by takihg= 2X P the power set of B and, vice versa as the collection of

the minimal intersections of elements/Af

By adding the intersection of events, one builds up theBuolbblean algebra of even(see, e.g., Ref29)).

By debPnition the state is the collection of the variables of a system knowledge of which is sufbcient to make
predictions. In the present context, it allows one to predict the results of tests, whence it is the probability rule
for all events in any conceivable test.
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NSF is part of the very dePnition of test-cascade; however, we treat it as a
separate postulate, since it corresponds tactisce of the arrow of time® The
interpretation of the test-casca@e! A is that OtesA can inRuence tes® but
not vice versa®OPostulate NSF allows one to debne the conditioned probability
pBIA)="1(B ! A)/! (A) of eventB occurring conditionally on the previ-
ous occurrence of evert . It also guarantees that the probability Bf remains
independent of the teBt when conditioned.

Conditioning sets a new probability rule corresponding to the notion of a
conditional state! o, which gives the probability that an event occurs, know-
ing that eventA has occurred with the system prepared in the dtateamely

la =1 (& A)l'! (A).19We can now regard the eveAt as transforming with
probability! (A ) the statd to the (unnormalized) stateA ! given by
Al =1 (& A) (5.2)

Therefore, the notion of cascade and postulate NSF entail the identibcation
event" transformation,
which in turn implies the equivalente
evolution" state-conditioning.

Notice that operationally a transformatién is completely specibed by all the
joint probabilities in which it is involved, whence it is unequivocally given by the
probability ruleA! =1 (& A) for all stated . This is equivalent to specifying
both the conditional states and the probability (A ) for all possible states,
due to the identity

Al =1 (A) a. (5.3)

8 Ppostulate NSF is not just a Kolmogorov consistency condition for marginals of a joint probability. In fact, even
though the marginal over teBtin (5.1) is obviously the probability oA , such probability in principle depends
on the testB, since the joint probability generally depends on it. Indeed, the marginal over &ntipes
generally depend on the past téstt A . Such asymmetry of the joint probability under marginalization over
future or past tests represettte choice of the arrow of tim®©f course one could have assumed the opposite
postulate of no signaling from the past, considering conditioning from the future instead, thus reversing the
arrow of time. Postulate NSF introduces conditioning from tests, and is part of the very debnition of temporal
cascade-tests. The need to consider NSF as a postulate was noticed for the Prst time by Masanao Ozawa
(private communication).

9 One could also debne more general cascades not in time, e.g., the circuit diagram.

This would have given rise to a probabilistic version of the quantum comb theory of Rgf.

10 Throughout, the central do&®denotes the location of the pertinent variable.

11 This is the same as the notion ofiantum operationin QM, which gives the conditionind o =
AT/ICA ! (1)), or inother words, the analogue of the quantum Schrsdinger-picture evolution of states.

12 Clearly this includes the deterministic singleton-té3ts { D} B the analogs of quantum channels, including
unitary evolutions.
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In particular theidentity transformation | is completely specibed by the rule
| I =1 forall stated .

5.2.3 Systems

In a pure Copenhagen spirit we will identify system S with a collection of
testsS = { A, B, C, .. .}, the collection being operationally closed under coarse-
graining, convex combination, conditioning, and cascading, and will include all
states as special tests. Closure under cascading is equivalent to consiuaning
systemic evolution i.e., in which there are only tests for which the output system
is the same as the input oheThe operator has always the option of performing
repeated tests, together with (randomly) alternating tests B aagB b in differ-

ent proportions B sag and 1! p (0 < p < 1) b thus achieving the teSt, =

pA+ (1! p)B which is theconvex combinationof testsA andB, and is given by
Cp={pPA1L pA,....(1! PB4, (1! p)B,, ...}, wherepA isthe same event
asA , but occurring with a probability rescaled Ipy Since we will consider always
closure under all the operatorOs options (this ioparational closurg we will

take the system also to be closed under such convex combination. In particular, the
set of all states of the systéfrs closed under convex combinations and under con-
ditioning, and we will denote b$ (S) (S for short) the convex set of all possible
states of systers. We will often use the colloquialism Ofor all possible stat€s
meaning'! # S (S), and we will do similarly for other operational objects.

In the following we will denote the set of all possible transformations/events
by T(S), T for short. The convex structure & entails a convex structure fdr,
whereas the cascade of tests entails the composition of transformations. The lat-
ter, together with the existence of the identity transformationgives toT the
structure of aconvex monoid

5.2.4 Effects

From the notion of a conditional state two complementary types of equivalences
for transformations follow: theonditionaland theprobabilisticequivalence. The
transformation#\ ; andA , areconditioning-equivalentwhen! o, = ! o,"! # S,

13 We could have considered more generally tests in which the output system is different from the input one, in
which case the system is no longer closed under a test-cascade, and, instead, there are cascades of tests from
different systems. This would give more Rexibility to the axiomatic approach, and could be useful for proving
some theorems related to multipartite systems made of different systems. The fact that there are different sys-
tems would impose constraints on the cascades of tests, corresponding to allowing only some particular words
made of the Oalphabe¥(B, . .. of tests, and the system would then correspond to a OlanguageO (s&d Ref. [
for a similar framework). Such generalization will be thoroughly analyzed in a forthcoming publication.

14 At this stage such a set does not necessarily contaim-plinciple possible states. The extension will be done
later, after debning effects.
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namely when they produce the same conditional state for all prior dtat&n

the other hand, the transformatioAg and A, are probabilistically equivalent
when! (A7) = ! (Ay) !'! " S, namely when they occur with the same prob-
ability.'® Since operationally a transformatign is completely specibed by the
probability ruleA ! for all states, it follows that two transformatioAs; andA »

are fully equivalent (i.e., operationally indistinguishable) whén! = A,! for

all stated . We will identify two equivalent transformations, and denote the equiv-
alence simply a®\; = A,. From identity 6.3 it follows that two transforma-
tions are equivalent if and only if they are both conditioning and probabilistically
equivalent.

A probabilistic equivalence class of transformations debnesffaot'® In the
following we will denote effects with lower-case lettersh, c, ... and denote by
[A ]e the effect containing transformatian . We will also writeA " a meaning
that Othe transformatién belongs to the equivalence clas® or @ has effect;,0
and write @ " [B ]e#O to say that’O is probabilistically equivalent t8 .O Since
by debnition! (A) = ! ([A lexr), hereafter we will legitimately write the variable
of the state as an effect, e.f).(a). Thedeterministic effectwill be denoted by,
corresponding td (¢) = 1 for all stated . We will denote the set of effects for a
systemS asE(S), or justE for short. The set of effects inherits a convex structure
from that of transformations.

By the same debnition of state B as probability rule for transformations b
states are separated by effects (whence also by transfornidfj@msl, conversely,
effects are separated by states. Transformations are separated by states in the senst
thatA # B iff Al # B! for some state. As a consequence, it may happen
that the introduction of a new state via some new preparation (such as introducing
additional systems) will separate two previously indiscriminable transformations,
in which case we will include the new state (and all convex combinations with it)
in S(8), and we will complete the systeBiaccordingly. We will end witls (S)
separating (S) andE(S), andE(S) separatind (S).

Theidentity! A (B) $ ! A ([B ]ex) impliesthatt (B %A ) = ! ([B Jeg %A ) for
all stated , leading to the chaining rulB Jef %A = [ B %A ]es, corresponding
to the OHeisenberg-pictureO evolution in terms of transformations acting on effects.

15 In the papers]4B17] | called the conditional equivaleneanamical equivalence, since the two transforma-
tions will effect the same state change. However, one should more properly regard the OdynamicalO change of
the statd due to the transformatioA as the unnormalized stafe! , but the two transformation& and
B will be fully equivalent wherA'! = B! for all stated . Moreover, in the same papers | called the prob-
abilistic equivalencenformational equivalence, since the two transformations will give the same information
about the state. The new nomenclature has a more immediate meaning.

16 This is the same notion of OeffectO introduced by Ludiiy [

7 Infact,A! # A" for A " T means that there exists an effecsuch thatA ! (c) # A "(c), whence the
effectc %A will separate the same states.
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Notice that transformations act on effects from the right, inheriting the composition
rule of transformations (B ! A means “A followed by B ). Notice also that e!
A " [I !V Ale = a. It follows that for D deterministic one has D " e, whence
DUA " [A L.

Consistently, in the “Schrodinger picture,” we have B! (8 A)=! (@ B! A),
corresponding to (B ! A)! =1 (al B ! A). Also, we will use the unambigu-
ous notation B! (a) = [B!](a), whence B! (a) = ! (a! B), and ! (a) =
Al (e), #A " a.

5.2.5 Linear structures for transformations and effects

Transformations A and A ,, for which one has the bound ! (A{) + ! (Ay) ! 1,
#! " G, can in principle occur in the same test, and we will call them test-
compatible. For test-compatible transformations one can define their addition
A + A, via the probability rule

(A + Al = Al + Ayl (5.4)
where we remind the reader that A! := ! (4! A). Therefore the sum of two
test-compatible transformations is just the union-event A; + A, = A; $ A,,

with the two transformations regarded as belonging to the same test.'® For any
test A we can define its total coarse-graining as the deterministic transformation
Da= > a.»a Ai. We can trivially extend the addition rule (5.4) to any set of (gen-
erally non-test-compatible) transformations, and to subtraction of transformations
as well. Notice that the composition “! ” is distributive with respect to addition “+ .”

We can define the multiplication "A of a transformation A by a scalar
0! "1 1by therule

L@ "A)="l (@A), (5.5)

namely " A is the transformation conditioning-equivalent to A , but occurring with
rescaled probability ! ("A ) = " (A ) — as happens in the convex combination of
tests. It follows that for every couple of transformations A and B the transforma-
tions "A and (1 %" )B are test-compatible for 0 ! " ! 1, consistently with the
convex closure of the system S. By extending the definition (5.5) to any positive ",
we then introduce the cone T, of transformations. We will call an event A atomic

18 The probabilistic class of A + A, is given by
FAT+A)=T(AD+! (A, # "6
whereas the conditional class is given by

, NG N (.0
TATALT AT A AT T(A Ay A

# " G
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if it has no non-trivial rePnement in any test, namely if it cannot be written as
A = Y Ajwith Aj E A4A for somei and 0< A; < 1. Notice that the identity
transformation is not necessarily atomicThe set of extremal rays of the cone
T. D denoted b¥rays(T. ) b contains the atomic transformations.

The notions of (i) test-compatibility, (i) sum, and (iii) multiplication by a scalar
are naturally inherited from transformations to effects via probabilistic equiva-
lence, and then to states via duality. Correspondingly, we introduce the cone of
effectskE. , and, by duality, we extend the cone of steesto the dual cone cE. ,
completing the set of stat&s to the cone-base & . made of all positive linear
functionals ovelE. normalized at the deterministic effect, namely all in-principle
legitimate states (in parallel we complete the sys®mith the corresponding
state-preparations). We call such a completion of the set of states-iastriction
hypothesis for statescorresponding to thstateDeffect duality namely the con-
vex cones of stateS , and of effect€E, are dual each othé?.The state con§ .
introduces a naturgartial ordering ! over states and over effect (via duality),
andone haa " Eiff 0 " a" e Thus the convex séi is a truncation of the
coneE., whereasS is a base for the coneS . %! debned by the normalization
conditionw " S iff " S+ andw(e) = 1. In the following it will be useful also
to express the probability ruke(a) also in its dual forma(w) = w(a), with the
effect acting on the state as a linear functional.

By extending §.5) to any real (complex) scalarwe build the linear real (com-
plex) spanTr = Spang(T) (Tc = Spanc(T)). The Cartesian decomposition
Tc= Tr# iTg holds, i.e., each elemeAt " T¢ can be uniquely written a& =
Ar+iA,, withAg, A, " Tr.?? Analogously, also for effects and states we debne
Er, Sy for F = R, C. The statebeffect duality implies the linear space identibca-
tionsSr $ Er. Thanks to such identibcations and to the identity of the dimension
of a convex cone with that of its complex and real spans, in the following, without
ambiguity, we will simply write dingS) := dim[S.(S)] $ dim[E: (S)]. More-
over, if there is no confusion, then with some abuse of terminology we will simply

19 For example, the identity transformation is rePnable in classical Abelian probabilistic theory, where states
are of the formp = > p|l%d&, with {|I% a complete orthonormal basis afi} a probability distribution.
Here the identity transformation is given by = ", |k%& & k%4, {|k% which is rePnable into rank-one
projection maps.

20 |n inbnite dimensions one also takes the closure of cones.

21 \We remind the reader that a &t C of a coneC in a vector spac¥ is called thebaseof C if 0 I" B and for
every pointu " C, u E 0, there is a unique representatios Av, withv " B andx > 0. Then, one has that
u" C spans an extreme ray 6fiff u = Av, whereix > 0 andv is an extreme point d8 (see Ref. $2)).

22 Note that the elements " Tg canin turn be decomposéda Jordanad = T+ ( T(,withT+ " T+.
However, such a decomposition is generally not unique. According to a theorem of BZllissard and J&thum [
the Jordan decomposition of the elements of the real span of a coneT(wittrthogonal inTr Euclidean
space) is unique if and only if the cone is self-dual.
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refer by Ostates,O Oeffects,0 and OtransformationsO to the respective generalized v
sions that are elements of the cones, or of their real and complex linear spans.

Note that the cones of states and effects contain the origin, i.e., the null vector of
the linear space. For the cone of states one had tkatO iff ! (€) = 0 (since for
any effecaonehasQ ! (a)! ! (e) = 0, namely! (a) = 0). On the other hand,
the hyperplane which truncates the cone of effects giving the physical convex set
E is conveniently characterized using anyernal state " D i.e., a state that can
be written as the convex combination of any state with some other state b by using
the following lemma.

Lemma 1. Forany a! E, onehasa= Oiff" (a) = Oanda= eiff" (a) = 1,
with" any internal state.

Proof. For any staté one can writé' = p! + (1" p)! *with0! p! 1and
| 1 S.Thenoneha%(a) = 0iff ! (a) = 0$! ! S,thatisiffa= 0. Moreover,
onehas (a) = 1iff! (a)=1%!' ! S,i.e.,a=e.

5.2.6 Observables and informational completeness

An observableL is a complete set of effecks= { I;} summing to the deterministic
effectas |, li = e namelyl; are the effects of the events of a test. An observable
L ={I;} is namednformationally complete for S when each effect can be written

as a real linear combination §f namelySpang(L) = Egr(S). When the effects

of L are linearly independent the informationally complete observable is named
minimal Clearly, sinceE is separating for stateany informationally complete
observable separates stateshat is using an informationally complete observable
we can reconstruct also any staté S (S) from the set of probabilities (1;). The
existence of a minimal informationally complete observable constructed from the
set of available tests is guaranteed by the following theorem.

Theorem 1. (Existence of minimal informationally complete observablé).is
always possible to construct a minimal informationally complete observabke for
out of a set of tests @&.

For the proof see Refl1][].

In the following we will take a Pxed minimal informationally complete observ-
ableL ={I;} as areference test with respect to which all basis-dependent repre-
sentations will be debPned.

Symmetrically to the notion of an informationally complete observable we
have the notion of aseparating set of statesS = {!;}, in terms of which
one can write any state as a real linear combination of the sthtésnamely
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SRr(S) = Spang(S). Regarded as ateSt={ .} ! S the set of statefl ;} corre-
sponds to the state-reductiofj! = ! (4)!,"! I S. When the corresponding
effects[.7 e form an informationally complete observable the @sgtould be an
example of th&Quantum Bureau International des Poids et MeswieBuchs B4).

5.2.7 Banach structures

On stated ! S introduce thenatural norm |! | = sup, g! (&), which extends
to the whole linear spacgr as|! | = sup, g |! (a)|]. Then, we can introduce the
dual norm on effectal := sup,s,. ;11" ()], and then on transformations

|| := supy gq o 1 1P # 7. Closures in norm (for mathematical convenience)
makeEgr andS r a dual Banach pair, arfir a real Banach algebrd.Therefore,

all operational quantities can be mathematically represented as elements of such
Banach spaces.

5.2.8 The Metric

One can debnematural distance between statels,” ! S as follows:
d(' ,"):=supl(!)$ I("). (5.6)
INE

Lemma 2. The function%.6) is a metric onS, and is bounded a8! d(! ,")! 1.

Proof. For every effect, e$ | is also a effect, whence

d(t ,") = sugl(*)$ 1(")) = su(e$ 151 )$ (e$ 1%("))

I E 1% E
= su1®) $ 1% ) = d(", 1), (5.7)
1% E
that is,d is symmetric. On the other handl(! ,") = 0 implies that' = ! , since

the two states must give the same probabilities for all transformations. Finally,
one has

d(t,") = supl(1)$ 1B+ 1#F $ 1("))
I"E
&supl(1)$ 1) + supl (B $ 1(") = d(! ,#H) + d#"), (5.8)
IME IME

23 An algebra of maps over a Banach space inherits the norm induced by that of the Banach space on which it
acts. Itis then easy to prove that the closure of the algebra under such a norm is a Banach algebra.
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thatis, it satispes the triangular inequality, whescga metric. By construction,
the distance is bounded g¢! ,") ! 1, since the maximum value @f! ,") is
achieved when(! ) = 1 andi(") = 0.

The natural distancé(7) is extended to a metric ov&r asd(! ,")=|! ! "|
with | & |the norm ovelS g. Analogously we debne the distance between effects
asd(a,b) = sup.g |! (a! b)|.%*

A relevant property of the metric irb(6) is its monotonicity, namely that the
distance between two states can never increase under deterministic evolution, as
established by the following lemma.

Lemma 3. (Monotonicity of the state distanceor every deterministic physical
transformation D " T, one has

d(D!,D")! d(,"). (5.9)

Proof. First we notice that sincB " T is a physical transformation, for every
effecta " Eone hasalsa#D " E, whenceE#D $ E. Therefore, we have

d(D!,D"):

sup! (a#D)! "(a#D)
a"E

sup ! (a)! "(a)! sup! (a)! "(a)=d( ,"). (5.10)
a" E#D a"E
Notice that we take the transformation deterministic only to assur®thas itself
a state for any .

5.2.9 Isometric transformations

A deterministic transformatiot is calledisometric if it preserves the distance
between states, namely

dU'!,U")%d(,"), & ,""S. (5.11)

Lemma 4. In finite dimensions, all the following properties of a transformation
are equivalent: (a) it is isometric for S ; (b) it is isometric for E; (c¢) it is an auto-
morphism of S ; and (d) it is an automorphism of E.

Proof. By debnition a transformation of the convex set (of states or effects) is a
linear map of the convex set in itself. A linear isometric map of a set in itself is
isometric on the linear span of the $e{Recall that the natural distance between

24 It is easy to check that such a distance satisbes the trangular inequality.
25 Interestingly, the MazurBUlam theorem states that any surjective isometry (not necessarily linear) between
real-normed spaces is afbne. Therefore, even if non-linear, it would map convex subsets to convex subsets.
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states has been extended to a metric over the wh@lg In Pnite dimensions an
isometry on a normed linear space is diagonalizaB®. [Its eigenvalues must
have unit modulus, otherwise it would not be isometric. It follows that it is an
orthogonal transformation, and, since it maps the set into itself, it must be a linear
automorphism of the set. Therefore, an isometric transformation of a convex set is
an automorphism of the convex gét.

Now, automorphisms d& are isometric foE, since

d(a! U,b!U) = sup|! ((a# b)! U)| = sup|(U!)(a# b)|
1"S RS

sup |! (a# b)| = sup|! (a# b)| = d(a, b), (5.12)
1"U'S 1S

and, similarly, automorphisms & are isometric foilS, since
sud! (@' U)# "(a'! U)]= sup[! (@# "(@]=d(,"). (5.13)
a"E a"ElU
Therefore, automorphisms & are isometric forlE, whence, for the prst part of
the proof, they are automorphismsefwhence they are isometric f&.

The physical automorphismaay the role of unitary transformations in QM.

Corollary 1. (Wigner theorem) The only transformations of states that are
inverted by another transformation must send pure states to pure states, and are
iIsometric.

5.2.10 The G-algebra of transformations

We can represent the transformations as elemenis:cofegarded as a complex
C3-algebra. This is obvious, sind&: are by debnition linear transformations of
effects, making an associative sub-algebea % Lin(Ec) of the matrix algebra
overEc. Theadjoint andnorm can be easily debPned in terms of any chassalar
product (4 § over Ec, with the adjoint deDnedga! A ,b)= (a,b!A),andthe
normadA | = sup.e.la' A |/]al, with]a] = (&, a). (Notice that these norms
are different from the Onatural normsO debned in Sécfiof) We can then extend
the complex linear spackc by adding the adjoint transformations and taking the
norm-closure. We will denote such extension with the same symgpWwhich is
now aC?3-algebra. Indeed, upon reconstructiiig and T¢ from the original real
spaces via the Cartesian decomposifign= ER' iEgrandT¢c = Tr' iTg, and
introducing the scalar product dfc as the sesquilinear extension of a real sym-
metric scalar produd@d §r overEg, the adjoint of a real eleme#t " Tg is just

26 For a convex set, an automorphism must send the set to itself keeping the convex structure, whence it must be
a one-to-one map that is linear on the span of the convex set.



Probabilistic theories 101

< Test:= set of State R Events as
probabilistic events 7/ transformations
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—<_ Effect
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Evolution as
conditioning
Observable
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dual real Banach pair Linear span

transformations re@anach algebra L—l
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Linear span

Addition of
transformations_

\

Y
- C*-algebra of transformations
as linear operators over effect

Fig. 5.1 A logical Bow chart leading to the representation of any probabilistic
theory in terms of &' -algebra of linear transformations over the linear space of
complex effects (see also footndté and Sectiorb.3.3for an operational basis
for the scalar product.)

the transposed matri& ! with respect to a real basis orthonormal térjg, and

A = Agr'" iA, ' foragenerah = Ag+iA, # Tc. A natural choice of matrix
representation fof i is given by its action over a minimal informational complete
observabld. = {I;} (the scalar produa@ §r := (& §r, will correspond to declar-
ing L as orthonormal). Upon expandifig$ A e again ovell = {l;} one has the
matrix representation $A = i Ajilj. Using the fact that is state-separating,
we can write the probability rule as the pairihga) = (! , a)g betweenEr and
Sk (and analogously for their complex spar$)n this way we see that for every
probabilistic theory one can always represent transformations/events as elements
of theC' -algebraT ¢ of matrices acting on the linear space of complex effEets

In Figure5.1 the logical derivation of th€' -algebra representation of the theory
is summarized.

27 The present derivation of th@' -algebra representation of transformations is more direct than that inIREf. [
and is just equivalent to the probabilistic framework inherent in the notlon of a OtestO (see also the summary
of the whole logical deduction in the Bow chart in Figéré). The specip€' -algebra in Ref.{7] possessed
operational notions of adjoint and of scalar product over effects, both constructed using a symmetric faithful
bipartite state, needing in this way two additional postulates: (a) the existence of dynamically independent
systems and (b) the existence of faithful symmetric bipartite states. Such construction is brieRy reviewed in
Section5.3.3
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Conversely, given (1) &' -algebraT ¢, (2) the cone of transformatiofs, , and
(3) the vector " Ec representing the deterministic effect, we can rebuild the full
probabilistic theory by constructing the cone of effects as the &bit e#T.,
and taking the cone of stat€s. as the dual cone &, .28

5.3 Independent systems
5.3.1 Dynamical independence and marginal states

A purely dynamical notion odystem independenceincides with the possibility of
performing local tests. To be precise, we will call syst&nsandS, independent

if it is possible to perform their tests &scal tests i.e., in such a way that for every
joint state ofS; andS, the transformations 08, commute with transformations
onS,, namely?®

AD#BEP =B@zA D gaA D A0 ¢ @ B, (5.14)

The local tests comprise the Cartesian prodbic®b6 S,, which is closed under
cascade. We will close this set also under convex combination, coarse-graining,
and conditioning, making it a Osystem,0 denote such a system with the same symbol
S1%S,, and calllocal all tests inS;%S,. We nowcomposethe two system§; and

S, into thebipartite systemS; & S, by adding the local tests into the new system
S1&S,as5:&S," S;1 %S, and closing under cascading, coarse-graining, and
convex combination. We call the testsSa & S)\S; % S, non-local, and we will
extend the local/non-local nomenclature to the pertaining transformations. In the
following for identical systems we will also use the notat®fN = S& S& ...

&S (N times), andz&N := Z(S%N) to denoteN-partite sets/spaces, with =
S,S+,Sr,Sc,E E4\ ...

Since the local transformations commute, we will just put them in a string, as
(A,B,C,...) = AD#A@#AO# . (convex combinations and coarse
graining will be sums of strings). Clearly, since the probabilifA ,B,C,...)
is independent of the time ordering of transformations, it is just a function only
of the effects! (A ,B,C,...) = ! ([A Jet, [B letts [Clest, - - ), namely the joint
effect corresponding to local transformations is made of (sums of) local effects
[(A ,B,C,.. -)]eff ( ([A ]effa [B ]eff, [C]eff, .- )

The embedding of local tes& % S, into the bipartite syster§; & S, implies
that Te(S1 & S2) * Tr(S1) ) Tr(S2) andEr(S1 & Sp) * Er(S1) ) Er(S2),

28 The Qorbit@# T+ is debned as the sett T+ = {e#A |A " T+}.

29 The present dePbnition of independent systems is purely dynamical, in the sense that it does not involve sta-
tistical requirements, e.g., the existence of factorized states. This, however, is implied by the mentioned no-
restriction hypothesis for states.
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Fig. 5.2 lllustrations of the notions of a dynamically (left) and a preparationally
(right) faithful state for a bipartite system. A bipartite statés dynamically faith-

ful with respect to syster81 when the output staf@d ,1 )! isin one-to-one cor-
respondence with the local transformatidnon systenfS;, whereas it is prepa-
rationally faithful with respect t&1 if every bipartite staté can be achieved as

" = (T»,1 )! viaalocal transformatiofi~ onSj.

both for real and for complex spafis= R, C. On the other hand, since local
tests include local state-preparation (or, otherwise, because of the no-restriction
hypothesis for states) the set of bipartite st&8€S, ! S,) always includes the
factorized states i.e., those corresponding to factorized probability rules, e.g.,
# (a, b) = $1(a)$2(b) for local effectsa andb. In parallel with local transforma-
tions and effects, we will denote factorized states as stings($1, $2,...), €.g.,
($1,%$,)(a,b) = $1(a)$,(b). Then, closure under convex combination implies
thatS F(S]_ ! Sz) "S F(Sl) # S F(SZ), forF = R, C.

For N systems in the joint state, we debne thenarginal state # |, of thenth
system as the probability rule for any local transformat#onat thenth system,
with all other systems untouched, namely

#la(A)=#( .1 kg 0. (5.15)
nth
Clearly, since the probability for local transformations depends only on their
respective effects, the marginal state is equivalently debPned as

#ln(a) = #(e...,e rgg.e...) fora$E. (5.16)

nth

It readily follows that the marginal stat|, is independent of any determinis-

tic transformation D i.e., any test b that is performed on systems different from
the nth: this is exactly the general statement of th@signaling condition or
acausality of local testsTherefore, the present notion of dynamical independence
directly implies the no-signaling condition. The debPnitioninl®) can be trivially
extended to unnormalized stafés!

30 Notice that any generally unnormalized state is zero iff the joint state is zero, #i(&ge, ..., €) = #n
(e) = 0.

31 The present notion of dynamical independence is indeed so minimal that it can be satisbed not only by the
guantum tensor product, but also by the quantum direct st6h (Notice, however, that an analogue of
TsirelsonOs theoreri] for transformations in Pnite dimensions would imply a representation of dynamical
independence over the tensor product of effects.) In order to extract only the tensor product an additional
assumption is needed. As shown in Refs/,[36] two possibilities are either postulating the existence of
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In the following we will use the following identities:

L@ ="! (e,a)=1! (e e! &)= (S, ) (ee), "o#a. (5.17)

5.3.2 Faithful states

A bipartite staté’ # S(S1$ S») isdynamically faithful with respect t&5; when

the output staté.«/, .#)" is in one-to-one correspondence with the local trans-
formation./ on systemS;, that is, the cone-homomorphig¢tme % (o7, .#)"

from T.(S1) to S+(S1 $ S») is a monomorphism® Equivalently the map

o &' (o, )" extends to an injective linear map between the linear spaces
Tr(S1) andSr(S1 $ S,) preserving the partial ordering relative to the span-
ning cones, and this is true also in the inverse direction on the range of the
map. Notice that no physical transformationn € 0 OannihilatesO, i.e., gives

(o, 7)" = 0.

A bipartite state’ # S(S1$ S,) is calledpreparationally faithful with respect
to S; if every bipartite staté can be achieved ds = (9 , )" by a local
transformation?; # T.(S1). This means that the cone-homomorphism &'

(o, #)" fromT,(S1)t0S+(S1$ S,) is an epimorphism. Equivalently, the map
o &' (of, 7)" extends to a surjective linear map between the linear spaces
Tr(S1) andSgr(S1 $ S,) preserving the partial ordering relative to the spanning
cones.

In simple words, a dynamically faithful state keeps the imprinting of a local
transformation on the output, i.e., from the output we can recover the transforma-
tion. On the other hand, a preparationally faithful state allows us to prepare any
desired joint state (probabilistically) by means of local transformations. Dynami-
cal and preparational faithfulness correspond to the properties of bepagating
andcyclic for the C) -algebra of transformations.

Theorem 2. The following assertions hold.

(1) Anystate' # S (S1$ S») thatis preparationally faithful with respect ®; is dynam-
ically faithful with respect t&».
(2) For identical systems in Pnite dimensions any statiat is preparationally faithful
with respect to a system is also dynamically faithful with respect to the same system,

bipartite states that are dynamically and preparationally faithful, or postulating the local observability princi-
ple. Here we will consider the former as a postulate, and derive the latter as a theorem.
32 A cone-homomorphism between cor@gandCs is a linear map betweeBpang (Cq) andSpang (C») that
sends elements @, to elements o€,, but not necessarily vice versa.
33 This means thatey, .#)" = (ah, F)" iff o = b, or, in other words! o # TR: (o7, )" = 0%
o = 0.
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and one has the cone-isomorphi®it+ (S) ! S+ (S" 2). Moreover, a local transfor-
mation on! produces an output pure (unnormalized) bipartite state iff the transfor-
mation is atomic.

(3) Ifthere exists a state &1" S» that is preparationally faithful with respect ®1, then
dim(S1) ! dim(Sy).

(4) If there exists a state &1 " S» that is preparationally faithful with respect to both
systems, then one has the cone-isomorphBmsS1) ! S+ (S2) and E+ (S») !

S + (Sl)

(5) If for two identical systems there exists a state that is preparationally faithful with
respect to both systems, then one has the cone-isomorghisih E; (weak self-
duality).

(6) If the state!l # S(S1" Sp) is preparationally faithful with respect t81, then for
any invertible transformatiol® # T, (S1) also the (unnormalized) stafé ,1 )!
is preparationally faithful with respect to the same system. In particular, it will be a
faithful state for any physical automorphism®{S1).°

(7) Foridentical systems in Pnite dimensions,!fopreparationally faithful with respect to
both systems, the stdte:= ! (e, § is cyclicinS 4+ (S) underT. (S), and the observ-
ableslL = {I;} of S, are in one-to-one correspondence with the ensemble decomposi-
tions{#i}!il1 of",with# :=! (I;, 4, and" is an internal state.

Proof.

(1) Introduce the mag® $%T ¢ where for every$ # S (S,) one chooses a local trans-
formation Tg on S; such that(Tg,l )! |2 = $. This is possible because
is preparationally faithful with respect t6;. One hasA $ = (Tg,A)! |2 =
(Tg, 1 ) ,A) |2 & # S(S2). Therefore, from(l ,A)! one can recover the
action ofA on any staté& by brst applyindTg, | ) and then take the marginal, i.e.,
one recoveré& from(l , A)! ,which is another way of saying that $%(l , A )!
is injective, namely is dynamically faithful with respect t8..

(2) Denote byl # S" 2 a state that is preparationally faithful with respecSto Since
the linear mapA $%A ,I1 )! from TR to SEZ is surjective, one has difiir)
I dim(S z?). However, one has also d{ifir) " dim(S ;) sinceTg ' Lin(SR) !
Sl(q2 ' S;{Z, whence dinfiTR) = dim(S 'llqz), and, having null kernel, the map is also
injective, whencé is dynamically faithful with respect t8;. Since now the state
is both preparationally and dynamically faithful with respect to the same sy&tein

34 We say that two cone§; andC, are isomorphic (denoted &, ! C») if there exists a one-to-one linear
mapping betweeBpanr (C1) andSpang(Cy) that is cone-preserving in both directions. We will call such a
map a cone-isomorphism between the two cones. Such a map will send extremal Cay® @xtremal rays
of C» and positive linear combinations to positive linear combinations, and the same is true for the inverse
map.

35 One may be tempted to consider all automorphisms ($1), instead of just the physical ones. However,
there is no guarantee that any automorphism will be also an automorphism of bipartite states when applied
locally. This is the case of QM, where the transposition is an automorphi§(®f), and nevertheless is not
a local automorphism &6 (S1 " S»).



106 G. M. DOAriano

follows that the maA " (A ,1 )! establishes the cone-isomorphi3m # sz.
Since the faithful state establishes the cone-isomorphisr S f 2 it maps extremal
rays of T+ to extremal rays osz and vice versa; that ish % Erays(T+) iff
(A, 1) %Erays(S$?).

(3) For! preparationally faithful with respect t8;, consider the cone homomorphism
al" "4 =1 (a, d which associates an (unnormalized) state% S + (Sz) with
each effecta % E.+ (S1). The extension to a linear map!" " 5 between the lin-
ear spaceS r(S») andER(S1) preserves the cone structure, and is surjective, since
I is preparationally faithful with respect t8; (whence every bipartite state, and,
in particular, every marginal state, can be obtained from a local effect). The bound
dim(S1) ! dim(S2) then follows from surjectivity.

(4) Similarly to the proof of item (1), consider the map" T 4, where for every marginal
state# %S (S1) one chooses a local transformatibpon S, such tha(l |, Tg)! |1 =
# (! is preparationally faithful with respect &y). Then, one has

& %S (S1), #(@) = (I ,T4)! (a6 =" (& T#) = "a(T4). (5.18)

It follows that" 5 = " implies that#(a) = #(b) for all states# % S(S;); that
is, a = b, whence the homomorphism !" " 5 which is surjective (since is
preparationally faithful) is also injective, i.e., is bijective, and, since it maps ele-
ments ofE+ (S1) to elements o8 4 (S2) and, vice versa, to each elementf (S,),
it corresponds to an element &, (S1) (! is preparationally faithful), thus it is
a cone-isomorphism. We then have the cone-isomorplist{S1) # S+ (S2). The
cone-isomorphisnk+ (S») # S + (S1) follows on exchanging the two systems.

(5) According to point4) one has the cone-isomorphidt (S1) # S+ (S2) # S+ (S1).

(6) This is obvious, from the dePnition of a preparationally faithful state.

(7) Accordingto )" a := ! (a, 3 establishes the cone-isomorphi&n(S) # S+ (S).
On the other hand, since the state is both preparationally and dynamically faithful
for either system, then for any transformation on the brst system there exists a
unique transformatio = on the other system giving the same output state (see also
the debnition of the OtransposedO transformation with respect to a dynamically faithful
state in the following). Therefore, since any effaatan be written aa = e( T4 for
anyT, %a,onehas o = ! (€(Tad =" (e& T,) = T,$. The observableD
ensemble correspondence and the fact $h&t an internal state are both immediate
consequences of the fact that := ! (a, § is a cone-isomorphism.

The transposed of a transformation (Figure5.3). For a symmetric bipartite state

I of two identical systems that is preparationally faithful for one system B hence,
according to Theorenz, is both dynamically and preparationally faithful with
respect to both systems P one can debne operationaltyatheposed T '~ of a
transformatioril %TR through the identity

l (a,b(T)="! (a(T ,b), (5.19)
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Fig. 5.3 An illustration of the notion of the transposed of a transformation for a
symmetric dynamically and preparationally faithful state.

e, (TH1 ) =( ,T)!,namely, operationally the transpostd of a trans-
formationT is the transformation which will give the same output bipartite state
of T if operated on the twin system. It is easy to verify (using the symmetty)of
thatT " =T andthafB "A)' =A'"B".

We are now in position to formulate the main postulate.

Postulate PFAITH (Existence of a symmetric preparationally faithful pure
state). For any couple of identical systems, there exists a symmetric (under per-
mutation of the two systems) pure state that is preparationally faithful.

Theorem2 guarantees that such a state is both dynamically and preparationally
faithful, and with respect to both systems, as a consequence of symfhEtryg-
tulate PFAITH thus guarantees that to any system we can adjoin an ancilla and
prepare a pure state that is dynamically and preparationally faithful with respect
to our system. This is operationally crucial in guaranteeing the preparability of
any quantum state for any bipartite system using only local transformations, and
to assure the possibility of experimental calibrability of tests for any system.
Notice that it would be impossible, even in principle, to calibrate transforma-
tions without a dynamically faithful state, since any set of input stitgs # S'
that i OseparatingO for transformati®S') is equivalent to a bipartite state
I =" "n$ #, # S(S'%S") that is dynamically faithful forS', with the
states{#,} working just as ORagsO representing the OknowledgeO of which state of
the set(" ,} has been prepared. Notice that in QM every maximal Schmidt-number
entangled state of two identical systems is both preparationally and dynamically
faithful for,both systems. In classical mechanics, on the other hand, a state of the
form! = [1&l]$ |I&!] with {|I& a complete orthogonal set of states (see foot-
note19) will be both dynamically and preparationally faithful, however, being not
pure, it would require a (possibly unlimited) sequence of preparations.

On the mathematical side, instead, according to Theot&niPostulate
PFAITH restricts the theory to the weakly self-dual scenario (i.e., with the

36 |n fact, upon denoting by ¢ the local transformation such th@ ,1 )! =$,onehagl ,Tgg) =9,
S denoting the transformation swapping the two systems.
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cone-isomorphisns: ~ E.), and in Pnite dimensions one also has the cone-
isomorphismT. (S) ~ S.(S®?). In addition, one also has the following very
useful lemma.

Lemma 5. For bnite dimensions Postulate PFAITH implies that the linear space
of transformations is full, i.e.Tg = Lin(Eg). Moreover, one ha$ g(S®?) =
SE(S)®? and ER(S®?) = Eg(S)®? for F = R, C, that is, bipartite states and
effects are cones spanning the tensor prod&‘@% andE®?, respectively.

Proof. In the following we restrict to Pnite dimensions, with= R, C denot-

ing either the real or the complex Pelds, respectively. According to item (2) of
Theoren2, for two identical systems the existence of a state that is preparationally
faithful with respect to either one of the two systems impBggS©?) ~ Tg(S).
Since transformations act linearly over effects, one hiasC Lin(Eg) ~ E®?,
whenceEg(S©?) ~ S(S®?) ~ Te(S) € EF(S)®2. However, by local-test embed-
ding one also ha€r(S®?) D EE(S)®?, whenceEg(S®%) = Eg(S)®?, which
implies thatTg = Lin(Eg). Finally, by virtue of state-effect duality one also has
SE(S®?) = SE(9).

The above lemma could have been extended to couples of different systems.
However, this would necessitate the consideration of more general transformations
between different systems (see footnd&e.

We conclude that Postulate PFAITH D i.e., the existence of a symmetric prepara-
tionally faithful pure state for bipartite systems b guarantees that we can repre-
sent bipartite quantities (states, effects, transformations) as elements of the tensor
product of the single-system spaces. This fact also implies the following relevant
principle.

Corollary 2. (Local observability principle)For every composite system there
exist informationally complete observables made of local informationally complete
observables.

Proof. A joint observable made of local observables {1;} onS; andM = {m;}
onS; is of the formL x M = { (I;, m;)}. Then, by dePnition, the statement of the
corollary iSER(S®?) C Spang(L x M) = EZ?(S), which is true according to
Lemmabs.

Operationally, the local-observability principle plays a crucial role, since it
reduces enormously experimental complexity, by guaranteeing that only local
(although jointly executed) tests are sufbcient to retrieve complete information on
a composite system, including all correlations between the components. This prin-
ciple reconciles holism with reductionism in a non-local theory, in the sense that
we can observe a holistic nature in a reductionistic way, i.e., locally.
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In addition to Lemma5 and to the local-observability principle, Postulate
PFAITH has a long list of remarkable consequences for the probabilistic theory,
which are given by the following theorem.

Theorem 3. If PFAITH holds, the following assertions are true.

(1) The identity transformation is atomic.

(2) One haswa.a ' = A wa, Or equivalentlyA o = ®(a, o A’, §, whereA ' denotes the
transposed oA with respect tad.

(3) The transposed of a physical automorphism of the set of states is still a physical auto-
morphism of the set of states.

(4) The marginal statey is invariant under the transposed of a channel (deterministic
transformation) and hence, in particular, under a physical automorphism of the set of
states.

(5) Alice can perform perfect EPR-cheating in a perfect concealing bit-commitment
protocol.

Proof.

(1) According to Theoren? item (2), the mapA — (A ,1 )d establishes the cone-
isomorphismrly =~ S 92, whence on mapping extremal raysTof to extremal rays
of S ?? and vice versa it maps the stabeitself (which is pure) to the identity, which
then must be atomic.

(2) Immediate debnition of the transposition with respect to the dynamically faithful
stated.

(3) Point @) establishes that the transposed of a state-automorphism is an effect automor-
phism, which, due to the cone-isomorphism, is again a state-automorphism (see also
footnote35).

(4) For deterministid one hasl 'y = ®(e,a0 T ') = ®(edT ,§ = ®(e,9d = x. The
last statement follows fron8] (see also footnotays).

(5) (For the debnition of the protocol, see Re&fg]). For the protocol to be concealing
there must exist twp ensembles of sta{t@é} and{piB} that are indistinguishable by
Bob. For ;p* = | pB = x these correspond to the two observables {a}
andB = {bi} with p* = @(&,9 andp® = @(bj, . Instead of sending to Bob a
state from either one of the two ensembles, Alice can cheat by OentanglingO her ancilla
(systemS;) with BobOs system in the stabe and then measuring either one of the
observable®\ = { g} andB ={b;}.

Notice that atomicity of identity occurs in QM, whereas it is not true in a classical
probabilistic theory (see footnoted). In classical mechanics one can gain infor-
mation on the state without making a disturbance thanks to the non-atomicity of
the identity transformation. According to Theoreéhitem (1) the need of distur-
bance for gaining information is a consequence of the purity of the preparationally
faithful state, whence disturbance is the price to be paid for the reduction of the
preparation complexity.
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5.3.3 The Scalar product over effects induced by a symmetric faithful state

In this subsection | briel3y review the construction in Réf/] [of a scalar product
overEc via a symmetric faithful state, together with the corresponding operational
depnition of Otransposed® and Ocomplex conjugationO B with the composition of
the two giving the adjoint.

According to Theoren2 item (2), for two identical systems in Pnite dimensions
any state that is preparationally faithful with respect to a system is also dynami-
cally faithful with respect to the same system. Moreover, according to Postulate
PFAITH, there always exists such a state, sgywhich is symmetric under per-
mutation of the two systems. The states then a symmetric real form ovéig,
whence it provides a hon-degenerate scalar productyeta its Jordan form

la,b" Eg, s (bla) :=|! |(b,a) = ! (" (b), Q), (5.20)

where" is the involution" = #. # #4, #. denoting the orthogonal projectors over

the positive (negative) eigenspaces of the symmetric form, or, explicith), :=

' ;! (a, fj)fj and{fj} is the canonical Jordan basfsNotice that the Jordan

form is representation-dependent P i.e., it is debned through the referercetest

{li} B whereas its signature D i.e., the difference between the numbers of positive
and negative eigenvalues D will be a property of the sySeand will generally
depend on the specibc probabilistic theory. For transformatioisTr we debne
a$"(7)="0"@%$7)= a$ 2 $.7 3$Z.Forthe identity transformation we
have" (#) = £ $ % = 7. Corresponding to a symmetric faithful bipartite state

I one has the generalized transformati@n, given by

a$ 7 = 1 (I, (5.21)
k

for a bPxed orthonormal badis= {1}, and in terms of the corresponding symmet-
ric scalar produc{g §. introduced in Sectiob.2.1Q one has

(a,b$ 7). = (@$7,b) =" (ah). (5.22)

Using the dynamical and preparational faithfulness oive have debned oper-
ationally the transposed””of a transformationZ " Tg. Such an Oopera-
tionalO transposed is related to the transp@gadhder the scalar produ¢g g,
as¢”= 7 $¢$.7" . Itis easy to check tha¥"= 2 = 2%

On the complex linear spafic one can introduce a scalar product as the
sesquilinear extension of the real symmetric scalar pro(#é; over Er via

37 In the diagonalizing orthonormal basis one Isp$j = ! (ff, fj) = log*1 (fi, fj),s) = £1, f] =
t17 %]
] 9
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the complex conjugation ! (T ) = Tr! iT, Tr; " Tg, and the adjoint for the
sesquilinear scalar product is then given by

Ti=z #1(TY#z =|T-|#(TH#|T-|', (5.23)

namely T T = Z #T $#2Z on real transformations T Tr. The Jordan invo-
lution # thus plays the role of a complex conjugation on TR, which must be anti-
linearly extended to Tc.

The faithful state " becomes a cyclic and separating vector of a GNS represen-
tation on noticing that (A " )Y(1# b,a) = - (b,a #A )~ ,*® and in (5.23) one can
recognize the Tomita—Takesaki modular operator of the representation [39].

5.4 Axiomatic interlude: exploring Postulates FAITHE and PURIFY

In this section we investigate two additional postulates of a probabilistic theory:
Postulate FAITHE - the existence of a faithful effect (somehow dual to Postulate
PFAITH) — and Postulate PURIFY - the existence of a purification for every state.
As we will see, these new postulates bring the probabilistic theory closer and closer
to QM. However, I was still unable to prove (or to find counterexamples) that with
these two additional postulates the probabilistic theory is QM.

5.4.1 FAITHE: a postulate on a faithful effect

As previously mentioned, Postulate FAITHE is somehow the dual version of Pos-
tulate PFAITH.*

Postulate FAITHE (Existence of a faithful effect). There exists a bipartite effect
F " E(S™) achieving the inverse of the isomorphism a &' $, = " (a, d. More
precisely,

38 The action of the algebra of generalized transformations on the first system corresponds to the transposed
representation (A (D" Y(1# b, a) = " (# b#A ,a)=" (b, a#A Y= (AXD")(#b, a).

At first sight it seems that the existence of an effect F' such that F>3" 12" 34 = %" 14 could be derived
directly from PFAITH. Indeed, according to Lemma 5 for finite dimensions and identical systems we have
S F(S%z) = S,:(S)( 2 and EF(S%z) = E,:(S)( 2 for F = R, C. Moreover, according to Theorem 2
item (4) themapa & $, = " (a, §, for" symmetric preparationally faithful achieves the cone-isomorphism
S+ ) E+, whence for the bipartite system one has S + (S¥2) ) E+ (S”2). This leads one to think that it
should be possible to achieve a preparationally faithful state for S 45 the product " 2" 34. However, this
is not necessarily true. In fact, since the map EF(S)( 2% E & &g = E»3" 12" 34 is a linear bijection
between Ep(S)( 2 and S £(S)( 2 (since Spang{" 12(4a)" 34(b,dla,b " E} = SE(S)(2 = SE(s"))
is cone-preserving, it sends separable effects to separable states, whence it sends non-separable effects to
non-separable states (since it is one-to-one). However, it doesn’t necessarily achieve the cone-isomorphism
S+ (S"2) ) E+ (S™2), since it is not necessarily true that any bipartite state & is the mapped of a bipartite
effect Eg (we remember that a cone-isomorphism is a bijection that preserves the cone in both directions).
If by chance this were the case —i.e., E & & g is a cone-isomorphism for S¥2 _ then this would mean that
there exists an effect F " E(S"2) such that & p = %", with 0 < %! 1.

39
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F23(! a)2 = F»3" 12(a, ) =#az, O< #! 1. (524)

Notice that, sincé establishes an isomorphism between the cones of states and
effects, there must exist a generalized efteédt E'I'R2 satisfying 6.24), but we are
not guaranteed that it is a physical one, ie), E(S%?).

LetOs denote by = #*1F the rescaled effect in the cone. Equatiér2g) can
be rewritten in different notation as follows:

FQ . )=F(" (a ) ") =a, (5.25)
"a,)="(F(,),)="!. (5.26)
(One needs to be careful with the notation in the multipartite case, e.¢,49 (
" (F(,-),-) =" isactually a state, sincgé(! , -) is an effect, etc.) Both faithful

state" and faithful effectF can be used to express the statebeffect pairing, namely
$(b) =" (as,b) = F(! ,,$), as:=F($,-), ! p:=" (b,"), (5.27)
or, substituting,
$(b) =" (F($,),b) = F(" (b,-), 9). (5.28)
Equation £.24) can also be rewritten as follows:
Fo3" 12 = # Swaps, (5.29)

whereSwap; denotes the transformation swappgwith S;. In Figure5.4 Pos-
tulate FAITHE is illustrated graphically.

Equation §.29 means that by using the stdteand the effecF one can achieve
probabilisticteleportation of states frons, to S4. In fact, one has

Fo3l 2" 34 = F23" 12(ar, )" sa=#" 14(a , ) = #! 4. (5.30)

Using the last identity we can also see that Postulate FAITHE is also equivalent to
the identity

F23" 12" 3a=#" 14, (5.31)

which by linearity is extended from local effects to all effects, by virtu€6t =
E' 2. With equivalent notation we can writ¢ ," )(-, F, :) = #" .

G -/

Fig. 5.4 An illustration of Postulate FAITHE.
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The effectF is also completely faithful, in the sense that the correspondence
Fa ;= F! (A", 1 )# A isbijective (in bPnite dimensions). In fact one has

[FU(AT st 1) =" (A1), (5.32)

and, sincd is dynamically faithful (it is symmetric preparationally faithful), the
correspondencBa := F! (A ',1 )# A isone-to-one and surjective, whence
it is a bijection (in bnite dimensions). It is also easy to see Ehat(A ', ) =
F!({ ,A),since

[FUQ A2t !t )= Faal (A1) )= Fas(t (1 LA

="( LA =(ALL)E S[REA T ) L),
(5.33)

whence transposition can be equivalently debned with respect to the faithful effect
F. The bijectionFp := F!' (I ,A)# A iscone-preserving in both directions,
since to every transformation there corresponds an effect, and to each/fefiéct
E(S%?) there corresponds a transformation, since

A23(! , | ): #a= (T#A,| )' = (TA,| )l . (534)

Therefore, the map '( Fa realizes the cone-isomorphidi (S%2) ) T.(S),
which is just the composition of the weak self-duality and of the isomorphism
S+(S%%) ) T.(S) due to PFAITH. However, as mentioned in footn&tg the
map

E.(S%2)* A'( #a:= As(! ,!) %S (S%?) (5.35)

is bijective betwees 7(S%?) andEr(S%2?), but it does not realize the cone-isomor-
phismS . (S%2) ) E.(S%?), since it is not surjective ove, (S%?). Indeed, for

A % E(S%2) physical effect, one hasos(! ,! ) = (Ta, |l ) with Ta %T(S)
physical transformation. However, there is no guarantee that, vice versa, a physical
transformation always has a corresponding physical effect, e.g., for the identity
transformation in %.31). It also follows that any bipartite observable = { A}

leads to thetotally depolarizing channel T e$ = % +$ % S.*° Using the
faithfulness ofF it is possible to achieve probabilistically any transformation on

a stateb by performing a joint test on the system interacting with an ancilla, i.e.,
($! )(Fa",4 = "A $ (for Stinespring-like dilations in an operational context see
Ref. [31]).

|
40 Indeed, one has | (A))23$2! 34= (€, €)2352! 34=! 12(as,€)! 316,84 = $(6)%
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More about the constant ! . Notice that the number® ! ! 1 is the probability
of achieving teleportatioh = (Fy3" »# 34)(€). It is independent of the state,

and depends only oR, since it is given byl ! ¢ = [ Fos# 1o# 34](€, €). The
maximum value maximized over all bipartite effects
1(S)= max {(#,#)(e A e} (5.36)
A"E(S#2)

is a property of the syster8 only, and depends on the particular probabilistic
theory.

More on the relation between Postulates PFAITH and FAITHE. Postulate
PFAITH guarantees the existence of a symmetric preparationally faithful state for
each pair of identical systen®¥ 2. Now, consider the bipartite syste®i? # S*2,

and denote by a symmetric preparationally faithful state for it. The ma@$%
$a:=1! (A 49 &A" E(S*?) establishes the stateDeffect cone-isomorphism for
S#2, whence there must exist an effeft such that

| (Ay, 849 = %# 0<% 1. (5.37)

Suppose now that the faithful state can be chosen in such a way that it maps sepa-
rable states to separable effects as follows:

'(@a(a,b) = &("a,"b) = &#(@a)# (8b), &> 0. (5.38)
Then one has
&(Ax)13(#,#) =" (A4,89 = %H#, (5.39)

namely, according to5(31) one has% &A; ! B, which is the effect whose
existence is postulated by FAITHE. Notice, however, that the factorizafia®)(
doesnOt need to be satisPed. In other words, the automorphism relating the cone-
isomorphism induced by to another cone-isomorphism that preserves local
effects may be unphysical (see also footritsile One can instead require a stronger
version of postulate PFAITH, postulating the existence of a preparaticrugly-

faithful symmetric staté¢ , also achieving a four-partite preparationally symmetric
faithful state! as(#,#) = ! . A weaker version of such a postulate is thoroughly
analyzed in Ref.31], where it is also shown that it leads to Stinespring-like dila-
tions of deterministic transformations.

The case of QM. It is a useful exercise to see how the present framework trans-
lates into the quantum case, and bPnd which additional constraints can arise from
a specibc probabilistic theory. For simplicity we consider a maximally entangled
state (with all positive amplitudes in a bxed basis) as a preparationally symmetric
state# . The corresponding marginal state is given by the density mdtrix, |
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denoting the identity on the Hilbert space. For the constaohe had = d' ?,
whered is the dimension of the Hilbert space. A simple calculation shows that the
identity" , = T # for T, # a translates tt

=*B@  winom (5.40)

where the involutior$ of the Jordan form ing.20) here is also an automorphism of
states/effects, whence identity.40 expresses the self-duality of QM. On rewrit-
ing (5.40 in terms of the faithful effecE (which would be an element of a Bell
measurement), one obtafAs

(@ F)(% 3= ’ T1%|, % in QM. (5.41)

Another feature of QM is that the preparationally faithful symmetric statis
super-faithful, namelyp = (%, %) is preparationally faithful fo6%4.

5.4.2 PURIFY: a postulate on puribability of all states

In the present section for completeness | brielRy explore the consequences of
assuming puribability for all states, namely the following postulate.

Postulate PURIFY (Puribability of states).For every state' of S there exists a
pure bipartite state& of S&2 having it as marginal state, namely

' #S(S), (& # S(S%?) pure, such tha& (e, § = " . (5.42)

Postulate PURIFY has been analyzed in Ref],[where the following lemma
is proved.

Lemma 6. If Postulate PFAITH holds, then Postulate PURIFY implies the follow-
ing assertions.

(1) Evenwithout assuming purity of the preparationally faithful sé4téhe identity trans-
formation is atomic, and purity & can be derived.

(2) S+ ) Erays(T+)#, i.e., each state can be obtained by applying an atomic transfor-
mation to the marginal staté := %(e, 3.

(3) E+ ) e*Erays(T+), i.e., each effect can be achieved with an atomic transformation.

Points (2) and (3) correspond to the square root of states and effects in the quan-
tum case.

!
L Forw=d 1 | ,In4n+m|,m| the marginal state i¢ = d' 1I and the Jordan involution is the com-

plex conjugation with re'spect to the orthonormal ba@B'r's}. For quantum operatioiﬁ = ThaTy with
corresponding effe@ = =, T Tngone hasr H=dl nTn'Tg= d'l (ThTn) 3 'S (a)
42 |n fact, one had a == %(a,d = 1% (a), namely%($(a),d = Ta, i.e. |%(a,d = ~ Ta, and, using

(5.25, one has T B(%(a, 8, § = | %|(a, §, namely the statement.
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5.5 What is special about quantum mechanics as a probabilistic theory?

The mathematical representation of the operational probabilistic framework
derived up to now is completely general for any fair operational framework that
allows local tests, test-calibration, and state preparation. These include not only
QM and classicalbquantum hybrid, but also other non-signaling non-local proba-
bilistic theories such as tifeR-boxegheories P0]. Postulate PFAITH has proved
to be remarkably powerful, implying (1) the local observability principle, (2) the
tensor-product structure for the linear spaces of states and effects, (3) weak self-
duality, (4) realization of all states as transformations of the marginal faithful
state! (e, 4, (5) locally indistinguishable ensembles of states corresponding to
local observables b i.e., EPR-cheating in bit commitment B and more. By adding
FAITHE one even has teleportation! However, despite all these positive landmarks,
it is still unclear whether one can derive QM from these principles only.

What is then special about QM? The peculiarity of QM among probabilistic
operational theories is the following.

Effects can not only be linearly combined, but also can be composed of each other, so
that complex effects make &C' -algebra.

Operationally the last assertion is odd, sirtbe notion of effect abhors com-
position! Therefore, the composition of effects (i.e., the fact that they make a
C'-algebra, i.e., an operator algebra over complex Hilbert spaces) must be derived
from additional postulates. What | will show here is the following.

With a single mathematical postulate, and assuming atomicity of evolution, one can
derive the composition of effects in terms of composition of atomic events

One thus is left with the problem of translating the remaining mathematical postu-
late into an operational one. LetOs now examine the two postulates.

Postulate AE (Atomicity of evolution). The composition of atomic transforma-
tions is atomic.

This postulate is so natural that it looks obviddddowever, even though for
atomic event®\ andB the evenC = B " A is not rebnable in the corresponding
cascade-test, there is no guarantee @ds not rebnable in any other test. We
remember that mathematically atomic events belongrays(T. ), the extremal
rays of the cone of transformations.

We now state the mathematical postulate.

43 Indeed, when joining evens andB into the evenA # B , the latter is atomic if both andB are atomic.
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Fig. 5.5 The ChoibJamiolkowski isomorphism between the Ganef physical
transformations and the cohe, (Ec) of positive matrices over complex effects
establishes a one-to-one correspondence between extremal-ray points of the two
cones, identifying effects (modulo a phase) with atomic transformations (the lines
over the cones represent a pair of corresponding rays).

Mathematical Postulate CJ (ChoibJamiolkowski isomorphism (Figures.5)).
The cone of transformations is isomorpHito the cone of positive bilinear forms
over complex effect®[, 2§, i.e., T+ =~ Lin, (Ec).

In terms of a sesquilinear scalar product over complex effects, positive bilinear
forms can be regarded as positive matrices over complex effects, i.e., elements of
the conelLin, (Ec).

The extremal ray&rays(Lin. (Ec)) are rank-one positive operatops) (x| €
Erays(Lin. (Ec)) with x € Ec, and the map : x — ! (X) := | X)(X] is surjective
overErays(Lin: (Ec)). One has (x€") = ! (x),and! ~Y(Jx)(x|) ={€" x} € Ec,

l.e., the set of complex effects mapped to the same rank-one positive operator is
the set of complex effects that differ only by a multiplicative phase factor. We will
denote byx| € Ec a bxed choice of representative for such an equivalence®@lass,
introduce the phase corresponding to such a choice =s| x|€" ®, and denote

by Ec/" the set of equivalence classes, or, equivalently, of their representatives.
Now, since the representatived € Ec/" are in one-to-one correspondence with
the points orErays(Lin: (Ec)), the CJ isomorphism establishes a bijective map
betweerEc/" andErays(T.) as follows:

#: Ec/" > |X| < #(|x]) € Erays(T-). (5.43)

5.5.1 Building up an associative algebra structure for complex effects

Assuming Postulate AE, we can introduce an associative composition between the
effects InEc/" via the bijectior#,

|allb| := # *(#(1al) o #(|b)). (5.44)
44 For the dePbnition of cone-isomorphisms, see footfdte

45 An example of choice of representative is given|by) := (egx)l! (X)legx)) ™Y 2! (x)|egx)), namelylx| :=
|(X, egx))rl(x, egx))X, with ¥x) = min{i: (x, &) # 0}, for given bxed basis fd¢.
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Notice that, by debPnitiorja||b| is a representative of an equivalence clas&gdn
whencel(|a||b|)| = | a]|b|. The above composition is extended to all elements of
Ec by taking

ab:=|a||bje! @' ®, (5.45)

and, sincd(|a||b|)| = | a||b|], one hadab| = | a||b], and! (ab) = ! (a) + ! (b). It
follows that the extension is itself associative, since

(abyc = | ab||c|e“ @b+il (©) — | a||b||c|e” @+il (b)+i! (c)
= | a||bcle’ @*" ®O = z(bc). (5.46)

The composition is also distributive with respect to the sum, since it follows the
same rules as those of complex numbers. We will denoteloy identity inEc /!

when it exists, which also works as an identity for multiplication of effects as in
(5.45. Notice that, since the identity transformatibn is atomic, one has :=

# 1(1 )" Ec/! according to$.44).

5.5.2 Building up aC*-algebra structure over complex effects

We want now to introduce a notion of adjoint for effects. We will do this in two
steps: (a) we introduce an antilinear involution on the linear sgace(b) we
extend the associative produbt45 under such antilinear involution.

(a) First we notice that the complex spdeg has been constructed Bg = Er $ iEg
starting from real combinations of physical effeBfg = Spang(E+ ), i.e., one has the
unique Cartesian decompositi@rn= xg + ix; of X " Ec interms ofxgr, X " Er. We
can then debne the antilinedaggerinvolution on Ec by takingx = x % " Egr
andx = xg! ix; % " Ec. Notice thatEc is closed under such involution. On taking
the involution of the debning identity =: | x|¢' ® one hagx | =| x| € ' ®)' it (),
which is consistently satisPed by choos|ig| = | x| and! (x )=!! (X) % " Ec
(these identities are satisbed, e.g., for the choice of representative in fotfhote

(b) The multiplicationsa b andab are debned via the scalar product ofzer as fol-
lows#6

%" Ec: (c,a b):= (ac,b), (c,ab ) := (cb, a). (5.47)

This is possible since the scalar product okeris supposed to be non-degenerate. It
is then easy to verify that one has the identiti@s) = b a and" = ".

In this wayE( is closed under complex linear combinations, the adjoint, and asso-
ciative composition, and possibly contains the identity elerietitat is, it is an

46 The right and left multiplications are just special elements of the algahf& ), whence their adjoints are
debnable via the scalar product as usual.



Probabilistic theories 119

associative complex algebra with adjoint, closed with respect to the adjoint. The
scalar product ok in conjunction with the identity leads to a strictly positive lin-

ear form oveEc, debPnedas = (", §, andone has (a b) = (",a b) = (a, b).*’

Such a form is also tace i.e., it satisbes the identity(ba) = ! (ab), which can

be easily veribed using debnitioris47).*® The complex linear space of the alge-
bra closed with respect to the norm induced by the scalar product makes it a Hilbert
space, and the action of the algebra over itself regarded as a Hilbert space makes it
an operator algebr&.1t is a standard result of the theory of operator algebras that
the closure ofEc under the operator norm (which is guaranteed in Pnite dimen-
sions) is aC'-algebra. We have therefore builtGt -algebra structure over the
complex linear space of effedi. This is thecyclic representatiofi39] given by

' (a) = "# (@) (5.48)

#, denoting the algebra representation corresponding.3®In our case one has
#, (a)|"#=| a# along with theraceproperty"|#, (a)# (b)|"#= ""|# (b)# (a)|"#
The latter can be actually realized as a tracé & b) = Tr [O(a) O(b)], via a
faithful representatio®: a $%0(a) & Lin(H) of the algebr&c as a sub-algebra
of Lin(H) of operators over a Hilbert spakkwith dimension dintH)? !  dim(Ec).

In this way, one ha#, (a) = (O(a) ' I) with the cyclic vector represented as
|'#= " |n#" |n# {|n# being any orthonormal basis fét.

5.5.3 Recovering the action of transformations over effects

In order to complete the mathematical representation of the probabilistic theory, we
now need to debne the action of the elemeniBobverEc, and to select the cone
of physical transformation$.. . We will show thatT . is given by the completely
positive linear maps oic, namely the linear maps of the Kraus form, i.e., the
atomic transformations act on& Ec asx ( $(|]a]) = | a| x|]a] ) a xa

First, notice that the full spahin(Ec) is recovered fronkErays(Lin. (Ec)) via
the polarization identity

"3
ik|(a+ i*b)#'(a+ i*b)|. (5.49)
k=0

|la#b| =

Nl

47 The form is strictly positive since (a a) = (a,a) ! 0, with the equals sign only & = 0, since the scalar
product is non-degenerate.

48 One had (ab)= (",ab)= (",a(b ) )= (b ,a)and! (ba)= (",ba)= (", (b) a) = (b ,a).

49 This construction is a special case of the GelfandBNaimarkDSegal (GNS) constrfionghich the form
! is atrace. In the standard GNS construction the formmay be degenerate, i.e., one can hlaya a) = 0
for somea = 0, and the vectors of the representation are built up as equivalence classes modulo vectors
having! (a a) = 0.

50 This means that, (a)# (b) = # (ab) and# (a )= # (a) .
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C'-algebra of
transformationg events= transformatioE
C Probabilistic NSF
framework
independent systemqs evolution= conditioni@

=no-signaling

C

J
weak self-duality

local observability

Quantum
C'-algebra of
effects

= OatomicO
transformations

e

Fig. 5.6 Anoperational axiomatic framework for quantum mechanics: a summary
of the relevant logical implications.

Correspondingly, we introduce the generalized transformations

13
I (b, a) = % il (la+ ib|) ! Te. (5.50)
k=0

The map

|a"th| $%" (|a“#b]) := b 4&a (5.51)

is a CJ isomorphism: it represents a bijective map between the tond&c) and

T., which can be extended to a cone-preserving linear bijection betlaéfc)
andT¢c & Lin(Ec).>! As a consequence of (44), the CJ isomorphisrh : |a] $%

I (|a|) will differ from the isomorphismi by an automorphisr of theC' -algebra

of effects; that is, one has ( ! (|]a]) = U(a )xU(a), with U(a) = u au with

uu = u u = # It follows that the probabilistic equivalence classes are given by
[ (|la)]er = e( ! (Ja]) = u a au. Notice that[! (Bles = U ##1 = # that is,#
coincides with the deterministic effe#t= e. Complex effects are thus recovered
from atomic transformations via the identeg! (e, a) = u au. Figure5.6is a RBow
diagram summarizing the relevant logical implications of the present operational
axiomatic framework for QM.

51 This can be directly checked using the operator algebra representation builE gverhereas the isomor-
phism corresponds to the ma&y(b xa) =" (|a"#|)(x) = Tr 1[(O(x) ) I)|a"#|], and, reverselja"th| =
"t (ba) = (H(ba)) | )(1#H).
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5.5.4 Reconstructing quantum mechanics from the probabilistic theory

It is now possible to reconstruct from the probability tables of the systems the full
C' -algebra of complex effec&c as an operator algebE: " # ;Lin(H;). Here is
the recipe.

(1) Look for all sub-cones$E. ); invariant undef + .
Then, for each:
(2) introduce a$complex Hilbert spadd; such that(Ec)i " Lin(H;), i.e., with
dim(H;) = [ dim[(Ec)i]|, %&the smallest integer greater than
(3) represeneg as the identity ove# ; H;;
(4) build(Tc); " Lin(Lin(H;));
(5) look for atomic transformatiorsrays(T+);;
(6) for a given atomic transformatioh ' Erays(T+); take an operatoA ' Lin(H;) to
represenA asA aA' Lin(Lin(H)));
(7) representA Jeff asA A;
(8) repeat steps and? for another transformatioB ;
(9) composeC = B ( A and represer® asC aC, withC = AB;
(10) repeat stepdand9 to build the whole algebra of effects and the corresponding rep-
resentation of the algebra of transformations; and
(11) construct states as density operators using the Gleason-like thetijeior [effects
[42,473].

5.6 Conclusions

Theoretical physics should be, in essence, a mathematical OrepresentationO of real-
ity. By OrepresentationO we mean describing one thing by means of another, to
connect the object that we want to understand Bhimg-in-itselfb with an object

that we already know well b tlstandard In theoretical physics we lay down mor-
phisms from structures of reality to corresponding mathematical structures: groups,
algebras, vector spaces, etc., each mathematical structure capturing a different side
of reality.

Quantum mechanics somehow goes differently. We have a beautiful simple
mathematical structure B Hilbert spaces and operator algebras B with unprece-
dented predictive power in the entire physical domain. However, we donOt have
morphisms from the operational structure of reality into a mathematical struc-
ture. In this sense we can say that QM is not yet truly a OrepresentationO of
reality. A large part of the formal structure of QM is a set of formal tools for
describing the process of gathering information in any experiment, independently
of the particular physics involved. It is mainly a kind of information theory, a
theory about our knowledge of physical entities rather than about the entities
themselves. If we were to strip off this informational part from the theory, what
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Table 5.1A summary of notation

Symboil(s) Meaning Related quantities

S!Sy Bipartite system obtained by
composingS; with Sy
S={A,B,C,...} System
A,B,C,... Tests A ={Aj}, Test:= set of
possible events

A,B,C,... Events' transformations

! StatesS convex set of I (A ): probability that
states eventA occurs in staté

T Convex monoid of Tr,Tc: linear spans of,
transformations/events T+ : convex cone

[A Jett Effect containing everA

a,bc,... Effects e: deterministic effect

E Convex set of effects ERr, Ec: linear spans oE,

| E+:convexcone

L={l;} observable el li = e

Tc C%-algebra of
transformations/events

a %r Operation of
transformationl over
effecta

I'A Conditioned states Fa =1 (&%A)! (A),

Al =1 (&%A)

Lins (Ec) Cone of linear maps Lins (Ec) =
corresponding to positive {T #Tc:(a,a%rl )! 0O,
bilinear forms oveEc &a # Ec}

would be left should be the true general principle from which QM should be
derived.

In the present work | have analyzed the possibility of deriving QM as the math-
ematical representation of a fair operational framework made of a set of rules
that allows one to make predictions about future events on the basis of suitable
tests. The two postulates NSF and PFAITH need to be satisbed by an operational
framework that is fair, the former in order for one to be able to make predictions
that are based on present tests, the latter to allow calibrability of any test and
preparability of any state. We have seen that all theories satisfying NSF admit a
C3-algebra representation of events as linear transformations of complex effects.
On the basis of a very general notion of dynamical independence, all such theories
arenon-signaling TheC®-algebra representation of events is just the informational
part of the theory. We have then added Postulate PFAITH. Postulate PFAITH has
been proved to be remarkably powerful, implying the local observability princi-
ple, the tensor-product structure for the linear spaces of states and effects, weak
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self-duality, and a list of features such as realization of all states as transformations
of the marginal faithful state ®(e, 8, locally indistinguishable ensembles of states
corresponding to local observables — i.e., EPR-cheating in bit commitment, and
more. We have then explored a postulate dual to PFAITH, Postulate FAITHE for
effects, thus deriving additional quantum features, such as teleportation. We feel
that we are really close to QM: maybe we are already there and we only need to
prove it! All the consequences of these postulates need to be explored further. I
have also reported some consequences of a postulate about the purifiability of all
states. In any case, we have seen that, whatever the missing postulate is, it must
establish a one-to-one correspondence between complex effects and atomic trans-
formations, which, assuming atomicity of evolution (Postulate AE) will make also
effects a C' -algebra. This is what is special about QM (and all hybrid quantum—
classical theories), and will exclude other non-signaling probabilistic theories of
the kind of the PR boxes.’> We have seen that the correspondence between effects
and atomic transformations is established by the Choi—Jamiolkowski isomorphism,
which is hoped to be not too far from an operational principle.
The notation used is summarized in Table 5.1
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